Math 231 - Bronski - HW5 Solutions
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S - T S T I R S z ) integrate by parts
39. I—fu z*Ilnzdz = ]_Jg:_ﬁ z"Inzdz = ]_1.11'1'_ ﬁ(ﬁ'lnd—l:}}’t [mu&ch 101]
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Now L = tlilg!F [t (3 Int 1'}] 3]_1.IL]]’1|- t—3 gl_l.lg}l- —3}“4 tl_l.lz!l-( ¢ ] 0.

Thus, L=0and/ =32In2—32.  Convergent
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dax 2u du u = /T, x =u?, _ due _ -1 _ —1 v

fﬁ(l—i—:r:} ) [ AP, ] _2f1+u2 =2tan” u+C =2tan ' /z+C, s0

ﬁmﬁ= lim [2tan_1\/'_] + hm [Qtan 1,/_]

t—0+

= lim [2() —2tan"'v2] + lim [2tan™'vE—2(F)] =2 -0+2(3) - F=m.
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60. (a) m = 0: fw z"e dr=lim [ e “dz=lim [ "] = lim [-e " +1]=0+1=1
o

t—oo o t—oo t— oo

oo i
n=1: f x"e " dr= lim [ wxe " dx. Toevaluate /xe“m dzx, we’ll use integration by parts
[t}

t—oo o

x

withu =z, dv=e""dr = du=dr,v=—e"

So f.re_m der = —ze * — f —e “dr=—ze " —e 4+ C=(—z—1)e *+ Cand
t t
. —= . — . —t . —t —t
lim Te dx=t£n; [(—= —1)e =]“=g]i.n:;3 [(—t—1)e*+1] =tllrglc[—te —e t41]

t— oo 0

=0—0+4+1 [vsel'Hospital'sRule] =1

oo t
n=2 f z"e “dr = lim x’e™* dz. To evaluate f x’e™" dz, we could use integration by parts
o

t— oo o

again or Fornmla 97. Thus,

£ t
lim 22e ™ dr = lim [—xze_”]: -- 2tlim / xe ©dax
0

t—oo f, t—oo —oo
=0+0+2(1) [vselHospital's Rule and the result forn =1] =2

oo i t
— - 3 — a7 . 3 —zt . 2
n—=3: f z"e “dr = lim z'e “dr = lim [—.r € m]u+3hm z e “dz
(i

t—oo 0 t— oo t—oo 0

=0+0+3(2) [vsel'Hospital'sRuleandtheresuliforn =2] =6

(b) For n = 1, 2, and 3, we have fnm x"e " dxr = 1, 2, and €. The values for the integral are equal to the factonals for », so

oo n_—x —
we guess [ z"e™" dz = nl.

(c) Suppose that [’ z*e~ dx = k! for some positive integer k. Then [~ 2*+'e™ dz = lim [} "'~ du.

v t—oo
To evaluate Jr.rk+1 e~ dx, weuseparts with u = 2**! dv=e"dx = du=(k+1)z"de,v=—e"%

So f:r:k"'le_xdx = g HleT [—(k+1)z*e " de = —a*e™ + (k+1) [2"e™ deand

lim f; z*tle™" dr = lim [—.rk"'le_:]: +(k+1) tlim fut z*e " d

t— oo t—oo

= lim [—t*"e* 4+ 0] + (k+ 1kl =0+ 0+ (k+ 1) = (k+ 1)1,

t— oo

so the formula holds for &£ 4 1. By induction, the formmla holds for all positive integers. (Since 0! = 1, the formula holds
for n = 0, too))
1. (a) A sequence 1s an ordered list of numbers. It can also be defined as a function whose domam 1s the set of positive integers.
(b) The terms a,, approach 8 as n becomes large. In fact, we can make a,, as close to 8 as we like by taking n sufficiently
large.
(c) The terms a,, become large as n becomes large. In fact, we can make a,, as large as we like by taking n sufficiently large.
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5. an=3(_]] , 5o the sequence is 8333 = —312,—1__1_—i:_. .
! 27 28 40

- n 1234 5 € . -1
15. The first six terms of a,, = ) are = == 5 T 13 It appears that the sequence 1s approaching 3

1 1

T
li = lim —— =
noe 2n+1  noee241/n 2

16. {cos(nm/3)},_, ={3, -2 —1,—1, 31,2 —1 1} The sequence does not appear to have a limit. The values will cycle
through the first six numbers in the sequence—never approaching a particular number.

n?® n®/n? 1 1
18. n — = i = n — - = ]. - COHV
Tl () 1+l 0 T 10 BT erges
(2n —1)! (2rn—1)! 1
29. a, = = = 0 . Comw
Tt ) et DE)Er -1 @t D@En) ST eTEes
= 22 5 2r g 2 .
33. an=ﬂ2&‘_“=—n. Since lim — = lim — = lim —z=0,11follﬁwsﬁ'on1'1‘heorem3that lim a, =0. Converges
[ =5 E—oo £ oo £ Z—oo £

n—oo

68. (a) Let Pn be the statement that ant1 > an and an < 3. P is obviously true. We will assume that Py, is true and

then show that as a consequence P, 1 mustalsobetrue. api2 = ans1 < V24 ani1 2 vV2+a, <

24 an1>2+an €  @ni1 > an, which is the induction hypothesis. a1 <3 & 2+a, <3 =
24+an <9 & an <7, which is certainly true because we are assuming that an < 3. So Py is true for all n, and so
a1 < an < 3 (showing that the sequence 1s bounded), and hence by the Monotonc Sequence Theorem, lim a,, exists.

n— o0
(B)IfL = lim an,then lim ant1 =Lalso,soL=+v2+L = I[*=24L = [*-L-2=0 =
n—oo n— o0

(L+1)(L—-2)=0 <= L =2 [since L can’t be negative].
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